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I. Introduction 



I. A. In this paper we continue our program of non-perturbative quantization of Kahler 
supermanifolds by means of super Toeplitz operators. This procedure was first apphed 
in [4] to quantize the hyperboHc unit superdisc and the flat superspace, and it rested on 
a Z2-graded extension of the results of [12] and [7]. Our goal here is a similar extension 
of the results of [6], where a unified scheme for quantization of Cartan domains was pre- 
sented. The significance of Cartan domains lies in their role in classification of hermitian 
symmetric spaces of non-compact type; every (irreducible) such space is equivalent to a 
Cartan domain. The Cartan domains fall into four infinite series (called type I, II, III, and 
IV domains) as well as two exceptional cases. We use the term matrix domains to refer to 
Cartan domains of types I-III. The analysis of [6] relies on the Jordan triple approach to 
symmetric domains [15], which provides a unified framework for domains of all types. 

I.B. The definition of a supermanifold which we adopt in this work is that of Kostant- 
Berezin-Leites ([14], [3], [16]), enhanced by the use of the projective tensor products as 
in [11]. Recall that a smooth supermanifold At is a ringed space (M, Cm), where M 
is an ordinary smooth manifold (called the base oi M.), and where Om is a sheaf of 
supercommutative algebras (over R) satisfying the following conditions: 
(*) the quotient sheaf Om/[Om,i + (Cm,!)^], where Om,i is the odd part of Om, is 
isomorphic to the sheaf of smooth functions on M ; 
(**) every point of M has a neighborhood U such that 



where /\{E) is the Grassmann algebra over a finite dimensional real vector space E. 
We let C°°{M.) denote the superalgebra of global sections of Om and refer to its elements 
as smooth functions on M.. The definition of a complex supermanifold is analogous. The 
pair (nojni), where uq = dime M, ni = dime E, is called the (complex) dimension of M. 
We equip each Om{U) with the usual topology of a Frechet space. Then Om becomes 
a sheaf of nuclear Frechet algebras. A morphism in the category of supermanifolds is 
a pair ((^, (^^) where : M — > A?" is a smooth map of the base manifolds and where 

: Ojv — > (P*Om is a continuous map of sheaves of algebras over N {(p*Om denotes the 
direct image of Om under (p) . A direct product M.xN oi two supermanifolds is a product 
object in the category of supermanifolds. Clearly, M. x N = (M x N,Om®itOn)i where 
<S>n is the completed projective tensor product. 




(1.1) 
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I.e. In this paper we will be concerned with Poisson supermanifolds, i.e. supermani- 
folds for which C°°{M) is a Poisson superalgebra ([3], [14]). This means that C°°{M) is 
equipped with a bilinear mapping 



{•,•}: C°°{M) X C°°{M) C°°{M) , 



(1.2) 



called a super Poisson bracket, which satisfies the conditions: 



{/,^}=(-l)^(^)^(^)+H^,/}, 



(1.3) 



(_l)P(/M/.){/, h}} + {-l)PWp(^^h, {/, g}} + (-1)KpM/){^, {h, /}} = , (1.4) 



where f,g,h G C°°(A^), and where p(/) G {0,1} is the parity of the (homogeneous) 
element / G C°°{M.). Conditions (1.3) and (1.4) say that C°°{M.) is a Lie superalgebra, 
while condition (1.5) says that the super Poisson bracket obeys the super Leibniz rule. 
Poisson supermanifolds arise in physics as phase spaces for classical systems involving 
both bosons and fermions. In the examples discussed in this paper, M. is supersymplectic 
(in fact, super Kahler), i.e. it comes equipped with a supersymplectic (by which we mean 
even, closed and non-degenerate) two-form uj. 

I.D. We plan to present a systematic approach to hermitian symmetric superspaces else- 
where. Here, we take a more modest point of view and construct explicitly three infinite 
series of hermitian supermanifolds which we call the matrix Cartan superdomains of type 
I, II, and III. Their key properties are: (i) the base of a Cartan superdomain of type I-III 
is an ordinary Cartan domain of the corresponding type; (ii) each Cartan superdomain is 
a homogeneous supermanifold [13], i.e. it is a quotient of a Lie supergroup by an appro- 
priate Lie subsupergroup; (iii) the isotropy supergroup of zero contains circular symmetry. 
Non-trivial super versions of the two exceptional domains seem not to exist. On the other 
hand, it is likely that a complete list of hermitian symmetric superspaces will include some 
"exotic" examples without classical counterparts. 

The construction of superdomains in this paper can be extended to superdomains 
based on the type IV Cartan domains. We present this construction in a separate paper 



{f,9h} = {f,9}h+{-ir^f'>^^'^g{f,h} , 



(L5) 



[5]. 
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I.E. The paper is organized as follows. In Section II we explain the concept of a super 
Toeplitz operator and illustrate it by briefly reviewing the construction of [4] . Section III 
contains a brief review of some facts from super linear algebra. In Section IV we present 
the explicit constructions of the matrix superdomains. In Section V we describe the super 
analog of the Jordan triple determinant and give the corresponding Poisson structures 
for the Cartan superdomains. The two main results of this section, namely Theorems 
V.l and V.2, are proven in Section VI. In Section VII we define the Bergman spaces of 
superholomorphic functions on Cartan superdomains and define the corresponding super 
Toeplitz operators. We formulate a number of technical results and the two main results 
of this paper, which are Theorems VII. 13 and VII. 14. These theorems state that the map 
assigning to a function / the Toeplitz operator with symbol / is a (non-perturbative) 
quantization of the Poisson structure defined in Section V. Section VIII contains the proof 
of the positivity property and some other technical facts from Section V, and Section IX 
contains the proofs of Theorems VII. 13 and VII. 14. 

Acknowledgement. We wish to thank Arthur Jaffe for helpful discussions and a great 
deal of encouragement. 



II. Super Toeplitz operators 

II. A. A central concept of the present series of papers is that of a super Toeplitz operator. 
A super Toeplitz operator is a Z2-gradcd generalization of a Toeplitz operator and arises 
in the following context. Let T) = {D, Od) be a complex supermanifold whose base D is 
a domain in C^. We choose global odd generators 6*1, ^i, ... , 6'ni, Om, and for a function 
/ e C°°{V) we write 

fiz, e^,e^,...,enJm) = Yl f^M^''^^ (n-i) 

where a and /? are multi-indices, 9°^ = 6^^ . . . 6ni^ , and each fa/s G C°°{D). The complex 
conjugation of a product of elements of C°° {T>) reverses the order: 

J^:=gf={-l)Pif)Pi9)f-g. (11.2) 

We call a function / e C°° (X>) bounded if each of the components faf3 together with 
all its derivatives is bounded. The subspace of bounded smooth functions on "D is denoted 
by B°°{V) C C°°{'D). We give B°°{'D) the topology of a Frechet space, which is defined 
by the following family of norms: 

M + H<ta,f3 
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where t > 0, and /x, are multi-indices of length no with |//| := /xi + . . . + fi^^. The 
derivatives are defined in the obvious way. 

Let dfi be a volume form on T> (a "measure") such that J^dii= 1. The integral 

{f,g):= [ JiZ)g{Z)dfx{Z) (II.4) 

defines a sesquilinear form on B^{V). Unlike the usual forms of this type, (II. 4) does 
not need to be positive definite (in fact, in the examples that we study it is not positive 
definite). A function / G C°°(I?) is called super ho lomorphic if dz^f = de^f = 0, for all 
i and k. The basic assumption about the measure is the following positivity property 
(which resembles very much the refiection positivity of Euclidean field theory and statistical 
mechanics, see e.g. [9]). 

The form (11.4) defines an inner product on the subspace Hol(X') of B°°{T>) consisting of 
superholomorphic functions. 

We let 7Y(X>, dji) denote the (Z2-graded) Hilbert space obtained as the completion with 
respect to (II.4) of Hol(X>) and caU it the Bergman space. Let P : B°°{V) n{V, dfj,) be 
a projection map. For / e B°°{T>) and e 'H{T>, dji) we set 

T(/)0 := PM{f)4> , (II.5) 

where M{f) denotes the operator (on B^{T>)) of multiplication by /. The linear operator 
T(/) : H{V, djj) 'H{V, djj) is called a super Toeplitz operator with symbol /. 

II. B. To illustrate the above concepts we briefiy review the construction of super Toeplitz 
operators arising in the quantization of the simplest hyperbolic supermanifold, namely the 
super unit disc (see [4] for the details and proofs). This construction will be generalized 
in Sections IV and V to arbitrary Cartan superdomains. The super unit disc U = t/^'^ 
is a (l|l)-dimensional complex supermanifold {U,Ou) whose base is the open unit disc 
U = {z E C : \z\ < 1} . We denote the odd generators of C°°(W) by 6 and 9. 

We will use a collective notation for the generators of C°°{IA), namely Z :— {z,9). 
Consider now the following measure on U. For r > 1 we set 

dHr{Z) :=-(!- ZZy-^d^z d^e. (IL6) 

TT 

where ZZ := \z\'^ + 99, d'^z — ^dz A dz is the volume form on U, and d'^9 is the Berezin 
integral with J 99d^9 = 1. Using the expansion 

(1 - - 99Y-^ = (1 - 1^1^)^-' - (r - 1)(1 - \z\'^y-^99, (ILT) 
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we compute the total integral 

/ duriZ) = / (1 - \zfy-^d'^z = (r - 1) [\l - ty-^dt = 1, (II.8) 

Ju ^ Ju Jo 

i.e. the measure d/ir has mass one. Using (II. 7) it is easy to see that the associated 
sesquilinear form (II. 4) is not positive definite. On the other hand, for (f) superholomorphic 
we can write (f){Z) = (f)o{z) + (f)i{z)$, so that for such a function, 

(0,0) = ^ / \ct>,{z)\\l-\zn-^d^z + - I \<t>,{z)\\l-\z\''y-H''z, (II.9) 

Ju ^ Ju 

which is clearly positive. The projection map P taking bounded elements of C°°{IA) to 
TiiU, dfir) is given by the integral operator 

Pf{Z):= f K'{Z,W)f{W)d^ir{W), (11.10) 
Ju 

where 

K''{Z, W) := (1 - ZWy (11.11) 

is the Bergman kernel for H{U,diJ,r). The super Toeplitz operator, whose symbol is a 
bounded function / e C°°{U), is then defined by 

(T,(/)0)(Z) := / K^{Z,W)f{W)<l>{W)dfir{W). (11.12) 
Ju 



III. Some super linear algebra 

III. A. Because this paper involves a good deal of explicit computations with both super- 
matrices and ordinary matrices, we review here our conventions. These follow those of 
[3]. We call a matrix with entries in a supercommuting algebra an ordinary matrix if its 
entries are purely even. For ordinary matrices, which will typically be denoted by lower 
case Roman letters, we use the standard notations of a and a* to denote conjugate and 
transpose. Matrices with purely odd entries will be denoted by lower case Greek letters, 
and conjugation and transposition will be defined just as for ordinary matrices. Note, 
however, that 

aP = -aP, {a(3Y = -(3^a\ (III.l) 

Capital Roman letters will denote supermatrices. We use * to denote the hermitian adjoint 
for these cases. 
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An m\n x k\l supermatrix has the form 




(III.2) 

where a and b are ordinary matrices and a and /? have purely odd entries. If Z = we 
will write m\n x k for the dimension, and if n = the dimension will be m x k\l, i.e. 
single dimensions always refer to an even component. The superanalogs of conjugation 
and transposition are defined as follows: 



a —a 
P b 



(III.3) 



' (III.4) 



Note that ^ 1. The hermitian adjoint of a supermatrix is given by A* := (A^)'^. We use 
the same symbol as for ordinary matrices because the same transformation is performed: 

A'=K f:). (III.5) 



III.B. The Berezinian [3] of a square supermatrix is defined by the formula 

\f3 b J detb ^ ^ 

We will often write supermatrices in a nonstandard form: 

m n\q 

7=^ (1 f I, (111.7) 



n\q 



C D 



where A, S, C, and D are subsupermatrices. In this case the Berezinian is 

Ber7 = BerD det(yl - BD-^C). (III.8) 

For convenience we state here a formula for the inverse of a matrix which we will use 
frequently. For any ordinary matrix or supermatrix in block form, we have 



A B\ ^ _ f {A-BD-^C)-^ -A-^B{D-CA-^B)-^ 
CD) ~ \-D-^C{A- BD-^C)-^ {D-CA-^B)-^ 



The proof is obvious. 



7 



III.C. We include the following useful technical fact to illustrate the mechanics of dealing 
with Berezinians. 

Lemma III.l. For an m x n\q supermatrix A and an n\q x m supermatrix B, we have 

Ber(/„|q - BA) = det(/^ - AB), (III.IO) 
where I^iq denotes the dimension n\q identity supermatrix. 
Proof. We write A — (a, a) and B = ( t )• By definition, 



Ber(/„|g - BA) = 



det(/n — ha — ba{Iq — (3a)~^Paj 

det(/g — (3a) 
det(/^ — ah — aba(3{In — aP)~^) 



det(/q — Pa) 

Because the entries of a and /? anticommute, we have 



det(/g - (3a) = expj^ - tr(/3a)' j 

= exp|-^ytr(a/3)'} 



-1 



(III.ll) 



(III.12) 



= det(/n - aP)~. 
Returning to (III.ll), this implies 

Ber(/„|g - BA) = det^(/n - ab){In - a(3) - aba(3^ 

= det{In - ba - ap) (III. 13) 

= det(/„ -S^)-^ □ 

Note that an immediate consequence of Lemma III.l is that (III. 8) is equivalent to 

Ber7 = det^l Ber(i:> - CA'^B). (III.14) 
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IV. Matrix Cartan superdomains 

IV. A. In this section we describe the main objects of our study, namely the matrix Cartan 
superdomains. Recall (see e.g. [10], [15]) that all symmetric hermitian domains fall into 
four series of classical Cartan domains, with two exceptional domains. The first three 
classes are the matrix domains, which are defined as follows. In the formulas below, D 
with suitable decorations denotes a Cartan domain and Aut(D) denotes the Lie group of 
biholomorphisms of D. The definitions of all the Lie groups involved can be found in [10], 
whose notation we follow. 

Type I. We let 

Dl^^^ := {z e Mat^,„(C) : 1^ - z* z > O} 
^ SU{m,n)/S{U{m) xU{n)). 

The group SU{m,n) acts on „ by holomorphic automorphisms in the following way. 
We write 7 e SU (m, n) in the block form 



(IV.2) 



where the submatrices a, 6, c, and d have the dimensions indicated and satisfy 

a*a — c*c = 

a*h = c*d, (IV.3) 
d*d-h*h = In. 

The corresponding element of Aut(D^^^) is 

: z^ {az + h){cz + d)-^. (IV.4) 




Type II. We set 

:= {z e Mat„,,(C) : z' = z, 1^ - z*z > 0} 

(IV. 5) 

- Sp{n)/U{n). 

The biholomorphic action of Sp{n) on D'^' is defined as follows. We write 7 G Sp{n) as 

n n 



7=M? (IV.6) 

n 



b a 



where a, b satisfy 

a*a — b*b = In, 
a% = b*a. 



(IV.7) 



Then 

^ : (az + b){bz + a)-^ (IV.8) 
is the corresponding element of Aut(D^^). 

Type III. Let 



D'^'' := {z e Matn,n(C) : z' = -z, 1^ - z*z > O} 
^ S0*{2n)/U{n). 

The action of S0*{2n) is defined as follows. We write 7 e S0*{2n) as a block matrix, 



(IV.9) 



n n 



7=N ^- ^1, (IV.IO) 
n V — a 



with a, 6 such that 

a*a — b*b = In, 
a*6 = -b*a. 

The corresponding element of Aut(L>^^^) is then 

^ : z^ {az + b){-bz + a)-^. (IV.12) 



IV.B. A Cartan superdomain D is a supermanifold {D, O), where D is an ordinary Cartan 
domain, and where O is a sheaf of superalgebras on D which will be defined case by case 
below. We define the superdomains of types I, II, and III, denoted below by ^|^, T^n\q'> 
and T^n\q'> respectively. 
Type I. We set 

C°^{T^'m,nw) ■= C°^iDin,n) ® /\{C^''') • (IV.13) 

We organize the standard generators of /\(C'^^^) into m x q matrices 9 = {Oij} and 
6 = {Oij}, and represent the "points" of T> as the m x n\q supermatrices 

z = {z,e). (IV.14) 

The matrix dimension q for the odd components is arbitrary. 

We define the supermanifolds T^n\q '^n\q ^ subsupermanifolds of the type I su- 
perdomains. This is done by imposing constraints on the generators of C°° {T>!^ ^^^) , as 
follows. 
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Type II. We impose 



z-z* + ee* = 0. 



(IV.15) 



The fermionic dimension q is again arbitrary for type II. 
Type III. We require 

z^ + z- OTgO^ = 0, (IV. 16) 

where Tq is the q x q matrix 

Note that q must be even for type III superdomain. 

Each of the above superdomains T> admits an action of a Lie supergroup Aut(P) of 
superhofomorphic automorphisms. In all cases, Ant{V) is an intersection of an orthosym- 
plectic supergroup with the supergroup SU{m, n\q). This supergroup is defined as follows. 
Its base manifold is SU (m, n) x SU{q), and its structure sheaf is generated by and 7^-^, 
1 < j,k < m + n + q, with the following parity assignments: 

/ N /- \ fO, iil<j,k<m + noTm + n<j,k<m + n + q, /T^^1o^ 
p(7..)=P(7..) = |l^ otherwise, ^^^'^^^ 

and with the following relations. We write 7 as a block supermatrix 





m 


n 


Q 


m 


(a 


b 


P 


n 


c 


d 


5 


Q 


\ a 


P 


e 



(IV.19) 



where a, 6, c, d, and e are even matrices and a, (3, p, and d are odd matrices of the dimensions 
indicated, and require that 

Ber7 = l. (IV.20) 
The real structure on SU{m,n\q) is defined by setting 

7* = J7"^ J, (IV.21) 

where 

//m \ 

(IV.22) 





Im 










[0 


-In 
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Equation (IV.21) is equivalent to the set of relations: 

* * + r 

a a — c c — a a = im, 
a*b-c*d-a*(3 = 0, 
a p — c — a e = 0, 

(IV.23) 

b*b-d*d- P*P= -In, 

b*p - d*S - P*e = 0, 
p*p — S*S — e*e = —Iq. 

In view of (IV. 14), we will find it convenient to rewrite (IV. 19) in the non-standard 

form 

m n\q 



1="^ \t f h (IV.24) 



m 
n\q 



C D 



where A = a, and B, C, and D are now supermatrices obeying the relations 

A* A - C*C = Im, 

A*B = C*D, (IV.25) 
D*D-B*B = In\q. 

Consider now the morphism C°°(T>^^ ^^^) C°°{SU{'m,n\q))®T^C°^{V^^ ^^^) defined 

by 

^:Z^Z':={AZ + B){CZ + D)-\ (IV.26) 

where, for simplicity, we have suppressed the tensor product symbols (writing AZ in place 
of A ® Z and so on). By the relations (IV.25) this transformation is equivalent to 

7(Z) = (ZB* + A*)-'^(ZD* + C*) 

^ ^ ^ ^ , ^ (IV.27) 

= {zb* + 9p* + a*)-\zd* + 96* + c*,zP* +9e* + a*). 

Clearly Z' defines a new set of generators for C°°{V^ ^|^). 



Proposition IV.l. The above morphism defines a transitive action of SU{m,n\q) on 

T^knW - '^^(™' n\q)/S{U{m) x U{n\q)). (IV.28) 



^m,n|g- Furthermore, 



Proof. The fact that z*z < I implies that {Z B* + A*) is invertible, because A is invertible 
and the non-nilpotent part of ZB* is zb*. The result follows from the corresponding 
property of the underlying Cartan domain. 
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To prove (IV. 28), we note that the isotropy subsupergroup of consists of superma- 



trices 



with 



A 
D 



A* A = Im, D*D = □ 



(IV.29) 



(IV.30) 



IV. C. We now turn to the type II case. The Lie supergroup acting on ^^^jg denoted 



by Sp{n\q) and is defined as the intersection of SU{n,n\q) with the orthosymplectic su- 
pergroup SpO{n\q). The latter is defined in terms of supermatrices of the form (IV. 19), 
where m = n. We require that Ber(7) = 1, and 



where K is the supermatrix 



K 



In 
-In 
/„ 



(IV.31) 



(IV.32) 



Solving the relations (IV. 21) and (IV.31) we write the generators of Sp{n\q) in the form 





n 


n 




n 


(a 


b 


p\ 


7= n 


b 


a 


-P 


Q 


\ a 


a 





e = e , 



(IV.33) 



with the entries satisfying 



a^b - b*a + a^a = , 
a*a — b*b + a^a = In , 
a^p + b*p -a*e = , 
p*p - p*p + e*e = Iq . 



(IV.34) 



Consider now the morphism C°^{V'^^^ — > {Sp{n\q))®T^C°° {V^^^^ defined by 

7 : Z ^ := (AZ + S)(CZ + D)-\ (IV.35) 

where 



a, B:={b,p), C 



D 



a —p 
a e 



(IV.36) 



13 



Proposition IV. 2. The above morphism defines a transitive action of Sp{n\q) on T^"\q- 
Furthermore, 

K\, = Sp{n\q)/U{n) x SO{q). (IV.37) 

Proof. Clearly, (IV. 35) is well defined by the same argument as for Proposition IV. 1. Recall 
that the defining relation of ^^^]q was 

z-z^ + ee^ = 0. (IV.38) 

To show that this relation is preserved under the action of Sp{n\q), we recast it as 

=0. (IV.39) 

Now, from (IV. 27) we can write 

{In, Z') = {ZB* + A*)-\ln, Z)-i\ (IV.40) 

so that 

{In, Z')K ( /^T ) = {ZB* + A*)-\ln, Z)j*Kj*" {{ZB* + A*)-'f- (IV.41) 

Taking the adjoint and then transpose of the relation 7^X7 = K gives 7*^7*^ = K, so 
that (IV.39) implies 

{In,Z')K(^^^^^0. (IV.42) 

To prove (IV.37), we note that the isotropy supergroup of consists of supermatrices 

fa 0\ 

7= a , e = e, (IV.43) 
\0 e/ 

satisfying a*a = In, e*e = Iq, and det e = 1. □ 
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IV.D. The type III superdomains admit an action of the Lie supergroup S0*{2n\q), which 
is defined as the intersection of SU (n, n\q) with the orthosymplectic supergroup OSp{n\q). 
The latter is defined again in terms of supermatrices of the form (IV. 19), where the sub- 
matrices have the same dimensions as in the case of Sp{n\q). We require that Ber(7) = 1, 
and 



where L is the supermatrix 



In 

In 

r„ 



(IV.44) 



(IV.45) 



with Tg defined in (IV.17) . Note that L = L* = L ^. Solving the relations (IV.21) and 
(IV.44) we write the generators of SO*{2n\q) in the form 







n 


n 


Q 


n 


( 


a 


b 


p\ 


7= n 




-b 


a 


pr 


Q 


\ 


a 


—TO. 


^ 1 



e = rer 



(IV.46) 



with the entries satisfying 



a% + b*a + ctVct = , 
a^a — b*b + a^a = In , 
a*pT — b* p — a^re = , 
p^pr — Tp*p + e*Te = r . 



(IV.47) 



We now consider the morphism C^{V'^\g) ^ C°^{SO*{2n\q))^^C^{V'J/) defined by 



(IV.35), where 



A:=a, B:={b,p), C := 



a 



D := 



o pr 
-ra e 



(IV.48) 



Proposition IV. 3. The above mophism defines a transitive action of SO* {2n\q) on I^n\q- 
Furthermore, 

p;]^ ^ SO*{2n\q)/U{m) x Sp{q/2). (IV.49) 



Proof. The proof parallels the proof of Proposition IV. 2. We write 

{In,Z') = {ZB* + A*)-\ln,Z)-f\ 

The defining condition of T^n\q is 



{In,Z)L^[ ) =0, 



(IV.50) 



(IV.51) 
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which is preserved because 7*L^(7*)^ = L^. To prove (IV.49), we note that the isotropy 
supergroup of consists of supermatrices 




e = rer , (IV.52) 

\0 e J 

satisfying a*a = In, e*Te = r, and det e = 1. □ 



V. Triple determinants and Poisson structures 

V.A. The construction of [6] rested on the framework of Jordan hermitian triple systems. 
For the purposes of this paper, we extract from this framework the fact that the Bergman 
kernel of a Cartan domain is given by 

K{z,w) = A{z,w)~P, (V.l) 

where A{z, w) is a polynomial in z and w (called the Jordan triple determinant), and where 
p is a positive integer called the genus of the Cartan domain, see e.g. [6] (we plan to present 
the theory of Jordan triples for Cartan superdomains elsewhere). We let Aut('D) denote 
the Lie supergroup of super holomorphic automorphisms of T>. The circular symmetry is a 
transformation of the form 

{z,e) ^ {e''^z,e'^/'^e), (V.2) 

where <^ is a real number. 



V.B. For the quantization of superdomains, the central object will be an analog of the 
triple determinant mentioned above. We define a total genus p = po — Pi, where po is the 
genus of the underlying ordinary domain and pi is a non-negative integer which we call 
the fermionic genus. Also for 7 e Aut(X') we define 

l'{Z),^ = ^7(^).. (V.3) 

In this definition, and throughout this paper, derivatives with respect to odd variables are 
left derivatives, i.e. 

^ (^1^2) =^2. (V.4) 



d6i 

For future reference we note here that the chain rule takes the following forms: 



dZ/ " ' '^'dZp 



^ (V.5) 

f oi{z) = Y,{-iy^^'^^'h'{z),,^{^{z)i 



dZ/ ' ' ' ^ "'"dZp 
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where :=p{Z^). The extra sign in the second relation occurs because 

^iWp = (v.e) 

Theorem V.l. For a Cartan superdomain there exists a polynomial N{Z, W) in Z and 
W such that for all 7 G Aut(I?), 

iV(7(Z), 7(W^))P = Ber ^'{Z) N{Z, Wf Be^^lW). (V.7) 

Furthermore, 

N{Z, W) = l-Y^ p-^Z^W^ + higher order terms, (V.8) 

where (3~^ are positive integers. 

The polynomial N{Z, W) is the super analog of the Jordan triple determinant. Note 
that N{Z, W) is invariant under the circular symmetry. The theorem below states that 
N{Z,W) has a simple transformation property under Aut(D), a fact which will play an 
important role in the following. 

Theorem V.2. There exists a unique holomorphic polynomial a^{Z) such that: 
(i) The automorphy factor Bei Y {^) given by 

BeT^iZ) = aj{Zf ; (V.9) 

(a) We have the cocycle condition 

«7i72(^) = a^ih2iZ))a^^{Z) ; (V.IO) 
(Hi) The polynomial N{Z,W) tranforms according to 

N{^{Z), ^{W)) = a^{Z) N{Z, W) ^:;{W) . (V.ll) 



We will prove Theorem V.l and Theorem V.2 in the next section. 

For the following we define the Lebesgue measure dz := d^'^°z = 111=1 i*^-^/ ^ dzi. We 
also define the Berezin integral d9 := d^^6 d^^9, which is normalized so that 

/m 
Hm) de = 1. (V.12) 
1=1 

Let dZ := dz dO. The Berezinian was defined precisely so that if Z' = 7(Z), then 

dZ' = Ber-i\Z)dZ. (V.13) 

Corollary V.3. The measure 

dii{Z) := N{Z, Z)-PdZ (V.14) 
is invariant under the action o/Aut('D). 
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V.C. The superalgebra C°°{T>) of smooth functions on a Cartan superdomain can be 
equipped with an Aut('D)-invariant super Poisson structure. This arises as follows. Let 
VL^^\V), k,leZ, denote the C°° (r>)-modules of forms of type {k, I) on V, and let 

5: (V.15) 

and 

d : n'^'^iV) Q'''^+\V), (V.16) 

denote the natural generalizations of the usual d and d operators. We consider the even 
two-form defined by 

oj(Z) := ddlog N{Z, Z) 

= J2(-iy.+^dZ,AdZ^ ^_logAr(z,Z), ^^-^^^ 

where := piZ^). The parity conventions for forms and vector fields are p{dZn) = + 1, 
p{d/dZ^) = e^. 

Proposition V.4. u> is an Au.t{V) -invariant supersymplectic form on T>. 

Proof. To see that u is Aut(X>)-invariant, we note that, as a consequence of Theorem V.2, 



logAr(7(Z),7(Z)) = logAr(Z, Z) + loga^(Z) + loga^(Z). (V.18) 
Since a-y(Z) is holomorphic, 



dd\oga^{Z) = dd\oga^{Z) = 0, (V.19) 

and so 7*0; = a;, as claimed. 

Since d = d + d, it follows immediately that dw = 0. It remains to show that lu 
is non-degenerate. Owing to the Aut(r')-invariance, it is sufficient to prove that u>{0) is 
non-degenerate. This, however, is clear since (V.8) implies that 



In components we write the symplectic form as 



u^^Z) = (-l)^._^logiV(Z,Z)-\ (V.20) 
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so that oj{Z) = Y,^^^ dZ^ A dZ^ uj^^iZ). 

We now construct the super Poisson bracket associated to u>. The Poisson bracket is 
defined by the inverse of u> with respect to the natural pairing 

f]^'^ ^ C, (V.21) 

which sends ^ ^ 

dZ^AdZ^^^^A-—^ 6^J^p. (V.22) 

oZa- OZjp 

We require u 0uj~^ h- > 1. Note that this corresponds to Yi,'^niy{Z)uj~^^^p{Z) — S^p. Then 
the Poisson bracket is defined by 

{f,g}:=u:-\Z){df,dg). (V.23) 

According to Theorems 5.4 and 5.5 of [3], the bracket {•, ■} defined in this way indeed has 
the properties of a super Poisson bracket, as formulated in the Introduction. 

Using the invariance of we can write the Poisson bracket more conveniently. To 
each Z e D we associate an element 7^ G Aut(r') such that 7z(0) = Z. Let tt G Q,~^'~^{'D) 
be defined by 

.(Z,:^^P(ZUg|^A-|-, (V.24) 

where 

P{Z)^, := (^pl7W7^1z'{^)pu. (V.25) 
p 

Theorem V.5. The Poisson bracket associated to u is given by 

{f,g} = 7r{df,dg). (V.26) 

Consequently, the pair (C°°(P), {., .}) is a Poisson superalgebra with an Aut{V) -invariant 
Poisson bracket. 

Proof. We make use of the invariance property by inverting at the origin and then 
pushing forward by the action of the supergroup Aut(P). Clearly, 



dZ^ dZ^ ' 

and so 



^^■(0)^(0) -(-1^4t(0)^(0) 



(V.28) 
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where :=p{Z^). From the invariance of u) under Aut(X>) we conclude that 



{/, g}{Z) := io-\Z){df, dg) = u;-\^,{0)){d{f o 7,), d{g o 7,)) 

= a;-i(0)(d(/o7,),%o7,)) 

Consequently, using (V.28) we obtain that 
{f,g}iZ) = J2 /3p77(0W7z'(0)p. 



(V.29) 



In view of (V.25) we obtain 

{f,9m 

= 7riZ){df,dg), 
as claimed. □ 

Corollary V.6. The inverse of ui is given by 
and as a consequence 

Beru{Z) = N{Z,Z)-^ \[l3-\ 
where uj^i, is viewed as a supermatrix. 



(V.30) 
(V.31) 



Proof. The first statement is the content of the previous theorem. The definition of Pfxii 
then implies that 

Bera;(Z) = |Ber7/(0)r2 H'^m'- (^^-32) 
Applying Theorem V.l to 7^ yields 



N{Z, Zy = iV(740), 7z(0))^ = I Ber 7/(0)|^ 



(V.33) 



and the second statement follows. □ 
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V.D. For (J e J]-^ -^(X>) given by 

:\^f....(Z\ _ 

dZ^ dZ 



-E«Z)a|;Aj^, (V.34) 

lj,,v M 



the map d : Q-'^-'^{V) n'^-'^{V) takes a to 

da = J2{-ir^^^+'^^{Z) (V.35) 



dZ^ ' ' dZ 

IJ,,V 

Theorem V.7. The two-vector field a e Q,~^~^ defined by 
satisfies da = 0. 

Proof. For convenience in this proof let :— g§- and hkewise for d^. We start with the 
fact that P^jy = so that 

dpP^,. = - J2(-^y'^''^""^Pf^o.idpUJai3)Pp.. (V.37) 

Thus 

^(_l)e.(e. + l)5^p^^ = _ ^ (-l)^-'^^« + ')P^a(5.a;a/3)P/3.. (V.38) 

Now the statement that duj = means that di^ujap = {—ly^^^daOJi.p, so that 

+ = {-ir'^P^a{daiO,(3)P(3u. (V.39) 

By the definitions of the supertrace and the Berezinian [3] , 

= a^Strlogo; 

(V.40) 

= da fogBero;. 

By Corollary V.6 we see that Bera; is equal a constant times N{Z, Z)~p. Thus 

da log Ber u = -pda log N. ( V.41) 

Returning to (V.39), we have 

^(_l)e.(e, + l)5^p^^ ^^^p^^^^log^. (V.42) 
f a 
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In view of the explicit formula (V.35), the statement that da = is equivalent to 

^(_l)e.(e,+l)5^^=0, (V.43) 

for all 11. Using the results of the last paragraph we evaluate 



a 



(V.44) 



= 0. □ 



VI. Proof of Theorems V.l and V.2 

VI. A. In this section we define the "super triple determinant" N{Z, W) for matrix su- 
perdomains and establish Theorems V.l and V.2. We will prove these theorems after 
establishing a series of propositions. 

Lemma VI.l. For 7 e SU{m,n\q), 

det(^* + ZS*) = Ber(CZ + i:>), (VI.l) 

where A, B, C, and D are the matrix blocks of ^. 
Proof. Using Lemma III.l we have 



Ber{CZ + D) = Bcr D Ber(4|^ + D'^CZ) 
= BerD det(/^ + ZD'^C). 



(VI.2) 



Using (IV. 25) we obtain 

Im + ZD-^C = A* A - C*C + + ZB*BD-^C 

= A* A - A*BD-^C + ZB*A + ZB^BD'^C (VL3) 
= {A* + ZB*){A - BD-^C). 

We now combine this with the fact that 

Ber 7 = det(yl - BD'^C) Ber i:» = 1 (VI.4) 

to see that 

Ber(CZ + D) = dei{A* + ZB*). □ (VL5) 
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Proposition VI. 2. For 7 e SU{m,n\q) acting on ^|^, 



Ber7'(Z) = — — ^„ , ^ . (VI.6) 



Proof. The matrix of derivatives can be evaluated explicitly, 



{ZB* + A*)-^{D* - B*Z')nj. (VL7) 



In the matrix notation of (V.3) we write 

y{Z) = [{ZB* + A*)-Y ® {D* - B*Z'). (VL8) 
Using the relations (IV.25), we see that 

D* - B*Z' = D* - B*{AZ + B){CZ + D)'^ 

= [D*CZ + D*D - B*AZ - B*B] {CZ + D)'^ (VL9) 
= {CZ + D)-\ 

Thus the matrix of derivatives becomes 

7'(Z) = [(ZB* + A*)-Y ® {CZ + (VI.IO) 

and its Berezinian is 

Ber7'(Z) = dei{ZB* + Ber(CZ + D)-^. (VI.ll) 

The proposition follows from Lemma VI. 1. □ 
Proposition VI. 3. For 7 e Sp{n\q) acting on T^^lq' 

Beiy(Z) = —— , . (VI.12) 

' ^ ^ det(yl* + ZS*)'^+i-9 ^ ^ 

Proof. First we study the case when Z = 0. Choosing coordinates Zy, where either 
l<i<j<n or j>n, the supermatrix 7'(0) is given by 

dZ' 

i<j<n j>n 
^ k<l<n ( [{A*~')ikUij + {A*~')uUkj] [{A*~')ik(7ij + {A*~')u(7kj] 

i>n \ -(A*~')ikr]ij (A*~')ikvij 

(VI. 13) 
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where we have represented the block entries of D ^ by 



Tj V 



Writing 7'(0) as 



we need to compute 



7'(0) 



T3 T4 



BerT = det(Ti - T2T^^T^) detT^^ . 



We start by observing that 



[^4 ^T^]ki,ij = Sik[v ^r]]ij, 



(VI. 14) 

(VI.15) 

(VL16) 
(VI. 17) 



so that 



(VL18) 



where A0s B denotes the symmetric tensor product of the matrices A and B. Now from 
(IV. 36) we see that 

{u - av-^r]) ^ A-\ (VI.19) 



so we have 



det{A®s ^) 
To complete the calculation of (VI. 16) we have 

detT4 = det(^*)-«detv- 



(detyl*)-(^+^\ 



(VI.20) 



(VI.21) 



In terms of D, v — {e + aa ^ p) ^, and one easily sees from the relations that v^v = Iq. 
The result is thus 

Ber7'(0) = (det A*)-(^+i-^). (VI.22) 

To complete the proof we consider the case where 7 maps Z to Z' ^ 0. Let 7 = 72 071, 
where 

7i(Z) = 0, 72(0) = Z', (VI.23) 



We write 



and 



7 



A B 
C D 



A2A1 + B2C1 A2B1 + B2D1 
Cs^i + D2C1 + D2D^ 



(VI.24) 
(VI.25) 
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Because of (VI.23), 

ZD* + cr = 0, (VI.26) 

so that 

A* + ZB* = A\A\ + ClBl + ZBIA\ + ZD\Bl 

= {Al + ZBl)Al (VI.27) 
= (A* + C*(L»*)-^5i*)y4^. 

Applying the result (VI. 22) and the fact that {Ai — BiD^^Ci)~^ is the upper right sub- 
matrix of 7f ^, we have 

det(^* + ZB*)-^ = ^^7!^^°^^, = Ber7^(0) Ber7l(^) = Bery(^). □ (VL28) 

Ber(7i )'(0) 

Proposition VI.4. For 7 e S0*{2n\q) acting on 'D^Yq' 

Ber7'(Z) = — — ^— — - — . (VI.29) 



Proof. The proof follows closely that of Proposition VI. 3. In place of equation (VI. 18), we 
obtain 



1 



(VI.30) 



where A^a B denotes the antisymmetric tensor product of the matrices A and B. Since 
det A* ®a A* = (det A*)'^-^ we thus obtain 

7'(0) = (detyl*)-("-i)+^ (VI.31) 

in place of (VI. 22). The second half of the proof is then identical to that above. □ 

Based on the preceeding four propositions, for all three types we define the super 
triple determinant 

N(Z, W) := det(/^ - Z*W) = Ber (/„|q - W*Z), (VI.32) 
and the transformation factor 

a^(Z) := det(^* + ZB*) = Ber (CZ + D). (VI.33) 
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Proposition VI. 5. With the above definitions, 



N{^{Z),^{W))^a^{Z)N{Z,W)a^{W). 



(VIM) 



Proof. The statement is that 



Ber(4|,-7(l^)*7(Z)) 



a^{Z) Ber(/„|g - W*Z)a^{W). 



(VI.35) 



The defining property (IV.21) of SU{m,n\q) imphes that 



inw - liwy^iz) = {cw + Dy-\in\q - w*z) {cz + d) 



-1 



(VI.36) 



The proposition then foUows from (VI. 33). □ 

VI.B. Proof of Theorems V.l and V.2. Theorem V.2 (i) is estabhshed in Proposition VI. 2, 
Proposition VI. 3, and Proposition VI. 4 for types I, II, and III, respectively (incidentaUy, 
the fermionic genus pi turns out to be equal to q in all these cases). Part (iii) of Theorem 
V.2 and the first statement of Theorem V.l are proven in Proposition VI. 5. The second 
statement of Theorem V.l is clear. In particular, we find that (3~^ = 1 or 2 in (V.8). 
It remains to prove property (ii) of Theorem V.2. Let 




(VI.37) 



for i = 1, 2. We have 



a. 



(Z) = Ber [(C1A2 + D^C2)Z + (C1S2 + i^ii^a)] 

= Ber [Ci(^2^ + B2) + {C2Z + D2)] 
= Ber(Ci72(Z) + Di) Ber(C2Z + D2) 
= a^i(72(^))o72(^)- n 



(VI.38) 
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VI. C. For future reference, we give here explicit formulas for the group elements 7z. For 
type I, 7^ can be written as 



for any A and D which satisfy 



AA* = {Im-ZZ*)-\ 



and Beri:>* det^ = 1. 
For type II we have 



where 



and where 



Finally, for type III, 



In —z* a \ / a O' 



where 



and where 



det(/„ + zz) 



(VI.40) 



In a \ / a 0\ 

lz:=\z* In -^ a , (VL41) 

e* iq J \o e / 

aa* = {In-ZZ*)-\ 

a = {In - zz)-\e - zO), ( VI.42) 

ee* = {Iq + a^a - a*a)~^, 



, ^ det(/, - ZZ*) 

^'''= det{In-z-z) ■ ^^'-^'^ 



-i^:=\z* In a , (VI.44) 



d* -Td* Iq / \0 e 



aa* = {In - zz* - e9*)-\ 

a = {In + zz)-\6 + z6T), (VL45) 
ee* = {Iq + ra^ar - cr*<j)"\ 

dete = ^|%^. (VI.46) 
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VII. Quantization 

VILA. Our framework for the quantization of a Cartan superdomain V rests on the 
foUowing perturbation of the invariant measure. We wiU show later that there is rQ(T>) > 
such that the measure N{Z, ZYdii{Z) has a finite volume for r > rQ{V). We set 

diir{Z) := KN{Z, ZYdii(Z) = KN{Z, Zf-^dz dO, (VII.l) 

for r > ro{T>), where dfj, is the invariant measure of Corollary V.3 and is chosen so that 
the total integral is normalized to one. 
For / and ^ e B°°{V), we set 

{f,g)r:= [ J{Z)g{Z)df,r{Z). (VII.2) 

This form is not positive definite and so it does not define an inner product on B°°{V). 
The crucial property of (•,•)?■ however, that its restriction to the subspace of super- 
holomorphic functions is positive definite. In fact, a more general property holds (which 
we will need). We consider the superspace B^{V) of functions / for which df /dOj = 0. 
Observe that this notion is not invariant under superholomorphic changes of coordinates 
on T>. The following theorem will be proven in the next section. 

Theorem VII.l. There exists roiV) > such that for all r > ro{'D), the sesquilinear 
form (•,-)r defines an inner product on B'^(T>). 

Consider the space Hol('D) of superholomorphic functions in B°°{V). As a conse- 
quence of the above theorem, (•, is an inner product on this space. The completion of 
Hol(X>) in the norm induced by this inner product forms a Hilbert space, which we denote 

VII.B. In this subsection we state some facts concerning the measure dji^ that will be 
useful later. 

Proposition VII.2. The form (VII.l) has the transformation property 

diir{Z), (VII.3) 
for and 7 e Aut{V). 

Proof. This is a direct consequence of Theorem V.2. □ 



dfj,r{l{Z)) = a.y{Z)a^{Z) 
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Proposition VII. 3. There is a constant C > such that for r sufficiently large 

J N{Z,Zy-Pde = Cr'''A{z,zy-P°[l + 0{r-^)], (VII.4) 

uniformly in z, where A(2, z) is the triple determinant of the underlying domain. 
Proposition VII. 3 will be established in Section VIII. 

Proposition VII.4. The normalization constant has the behavior 

= Cr"°-"i[l + 0(r-^)], (VII.5) 



as r ^ oo. 



Proof. The statement follows immediately from Proposition VII. 3 and Lemma 3.1 (i) of 
[6]. □ 

VII. C. The Hilbert space 7ir{V) carries a natural projective unitary representation of 
Aut(X'). This is given by 7 ^ L''(7), where 

C/(7-^)0(Z) = a^(Z)'-0(7(Z)). (VII.6) 

Clearly, each C/(7~^) is unitary because of Proposition VII. 2. We see that ?7 is a projective 
representation as follows. 

For notational convenience in the following argument, we write 0(7, Z) in place of 
a^{Z). For 71,72 G Aut('D), define the function 

A(7i,72)(^) := ^{loga(72-Sr\^) -loga(7r\Z) -loga(72-\7r'(^))}- (VII.7) 



Theorem VII.5. The function A(7i,72) defined above has the following properties: 

(i) A(7i,72)(^) does not depend on Z. Thus A(7i,72) is a function on Aut('D) x Aut('D). 

(ii) We have the following cocycle condition: 

A(7i, 7273) + A(72, 73) - A(7i72, 73) - A(7i, 72) = 0. (VII.8) 
(Hi) A(7i,72)e {-1,0,1}. 

Proof, (i) We take the gradient of A(7i,72)(2^) as follows: 

27riVA(7i,72)(^) = , -/-i ^^ Va{^^'^^\ Z) - _\ Va{^^\Z) 

«(72 7i .Z) a(7i :Z) ^^jj^g^ 

- . -1 ^v^.. Va(72-\7rH^))- 
a(72 >7i {Z}) 
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By (V.IO), 

a(72-Sr\^) = a{^^\^^\Z))a{^^\Z). (VII.IO) 

We thus see that 

a(72 7i a(7i ,Z) (Villi) 

- , -1 ^i,^,, Va(72-\7rH^))- 
o(72 ,7i (^)) 

(ii) Consider the first two terms in (VII. 8). In view of (i), we can evaluate either A at 
any point. We choose to evaluate the first A at Z and the second at ^i^{Z). The sum of 
these terms is thus 

A(7i,7273)(2') + A(72,73)(7r\^)) 

= ^{^^g'^('^3"S2"Sr\ Z) - loga(7i-\ Z) (VII.12) 
-loga(72-\7r'(^))-loga(73-\72"'(7r'(^)))} 

By adding and subtracting loga((7i72)~''^, Z), we see that (VII.12) is in fact equal to 

A(7i72,73) + A(7i,72). (VII.13) 

To prove (in), we set Z = in (VII.7) and use (V.IO). □ 

Corollary VII. 6. Formula (VII. 6) defines a projective unitary representation of Aut{V) 
on Hr{V). 

Proof. Set 

72) := exp|27rirA(7i, 72)| (VII.14) 

As a consequence of Theorem V.2, 

C^(7i72) = fT(7i,72)t^(7i)t/(72). (VII.15) 

The cocycle condition, 

cr(72, 73)<7(7i72, 73)~"^cr(7i: 7273)cr(7i: 72)""^ = 1, (VIL16) 

follows from Theorem VII. 5 (ii), which shows that (VII. 6) is consistent with associativity. 
The unitarity is a consequence of Proposition VII. 2. □ 
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VII.D. A fundamental component of our construction is the Bergman (or reproducing) 
kernel for the space T-triV). Let 



K''{Z,W) := N{Z,W)-r 



(VII. 17) 



Proposition VII. 7. The kernel function (VII. 17) has the reproducing property, i.e. for 

4>{Z)^ [ K'^{Z,W)4>{W)dnr{W). (VIL18) 
Jv 



Proof. We compute the right-hand side of (VII. 18) by making the substitution W = 7z(F), 
where 7^ is an element of Aut('D) such that 7z(0) = Z. This yields 



/ K'"{Z,W)(l){W)dfXr{W) 
Jv 

K^{Z,^4Ym^4Y))dfir{MY)) 



V 



(0)a^,(F) ct>{^,{Y)) a^^{Y)a^,{Y) d//,(F) 



V 



a^A^)-'a^z{yr<t^{lz{Y))d^r{Y). 



We apply the simple fact that for t/j holomorphic, 



tl;{W)di^r{W)^tl^{'d), 



■D 



which is a consequence of circular symmetry, and obtain 



(VII.19) 



(VII.20) 



/ a^,{0)-'a^,{YycP{^4Y))di,r{Y)^(P{Z). D (VII.21) 
Jv 



For g e B°°{V), we define the projection P by 

Pg{Z):^ [ K^{Z,W)g{W)dfir{W). 
Jv 

Clearly, Pg e nr{T>), and Pg = g ior g e HriV). 
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(VII.22) 



Proposition VII. 8. 

/ Z^Z,dfir{Z) = ^5^p, (VII.23) 

where (3^ is the constant of Theorem V.l. 
Proof. Let 

A^p = I Z^ZpdfiriZ). (VII.24) 
Jv 

Because of Theorem VII. 1 the matrix A^p is invertible. Using Proposition VII. 7 we can 
also write 

/ Zf^ZpdiiriZ) = / 'Z^K''(Z,W)WpdiiriZ)diiriW). (VII.25) 

The circular symmetry and the expansion of N{Z,W) in Theorem V.l imply that the 
right-hand side of (VIL25) is given by 

V-^/ z;z,W:WpdfiriZ)dfiriW). (VII.26) 
J, JVxV 

In terms of A this implies 

A^p = Y,A^,^^A,p. (VII.27) 

u Pi/ 

We apply A''^ to both sides of this equation and obtain (VII.23). □ 

VII.E. As described in Section II we define super Toeplitz operators Tr{f) on Hr{T^), for 
/ e B°^{V), by setting 

Tr{f)<P{Z) :^ I K^{Z,W)f{W)ct>{W)d,ir{W). (VII.28) 

J-D 

The map / i— > Tj.(/) will be the quantization map in our scheme. We first establish some 
basic properties of the super Toeplitz operators. 
First of all, observe that 

Tr{f o 7) = C/(7)"'r,(/)t/(7), (VII.29) 

where ^7(7) is defined by (VII. 6). 

Secondly, we have the following estimate on the norm of Tr{f). 

Proposition VII. 9. Tr{f) is a bounded operator on TiriT)). Furthermore, 

\\Tr{f)\\ < C J]r-(l"l+l^l)/2||/«^||o. (VII.30) 

In particular, a super Toeplitz operator is bounded. We let %{V) denote the C*-algebra 
generated by all super Toeplitz operators. 

The above proposition follows directly from the following lemmas and proposition. To 
simplify the notation, in the rest of the paper we will suppress the subscript r in || • H^. 
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Lemma VII. 10. For i(^,(f) & TiriV), and g e B°°{D) (an ordinary function) we have 



f iP{Z)g{z)cf>{Z)df,r{Z) 



< m 



(VII.31) 



Proof. Because of Theorem VII. 1, we can view (•, ■)r as an inner product on the space of 
functions which are holomorphic only in the odd coordinates. Thus we have 



i;iZ)g{z)cf>{Z)dfiriZ) 



V 



= l(V',£'0)r|- 



(VII.32) 



By the Schwarz inequahty, 

|(V',#)r| < 



\g{z)\'(t^{Z)(t){Z)diir{Z) 



1/2 



(VIL33) 



Because (j){Z)(p{Z)diJLr{Z) is a positive measure, we can extract the sup norm of g{z)^ giving 



/ i;{Z)g{Z)<t>{Z)diir{Z) < 

J-D 

Lemma VII. 11. For any odd generator 0^, 

\\Tr{e^)\\<Cr-''\ 

for r sufficiently large. 

Lemma VII. 11 will be proven in Section VIII. 

Proposition VII. 12. For V', </> e Ti-riV), and f G B^{V), we have 



□ 



(VII.34) 



(VII.35) 



tl;{Z)f{Z)ci>{Z)diir{Z) 



a,/3 



In particular, 



ijiZ)fiZ)(l>iZ)dfiriZ) 



<c\\fh \m ui 



(VII.36) 



(VII.37) 



where \\ ■ ||o is the norm defined in (II. 3). 

Proof. The statement follows immediately from Lemma VII. 10 and Lemma VII.ll. □ 



33 



VII.F. To conclude this section, we make the statement that the map B°°iV) — > 7^(X>), 
given by T^,, is a deformation quantization. This statement consists of the following theo- 
rems, which will be proven in Section V. 

Theorem VII. 13. For f e B'^iV) bounded, we have 

hm ||T,(/)|H ll/oollo. (VIL38) 



In other words, the classical limit wipes out the fermions. This is not surprising as 
fermions do not exist in classical mechanics. 



Theorem VII. 14. For f,gE B°^{V), where the components fap are compactly supported, 
there is a constant C = C{f,g), such that 

< Cr-^, (VII.39) 

for r sufficiently large. 

As a consequence of this theorem, we conclude that Tr{V) is a quantum deformation 
of the Poisson algebra B°"{V), with r~^ playing the role of Planck's constant. The as- 
sumption that / has compact support is certainly not optimal, but some kind of decay of 
at least one symbol at the boundary is clearly needed in our proof. On the other hand, it 
is easy to verify that the estimate holds for any polynomial / and g. 



Theorem VII. 15. Under the assumptions of Theorem VII. 14> 



■[Tr{f),Tr{g)]+Tr{{f,g}) <Cr-\ 



(VII.40) 



for r sufficiently large. 



Proof. The proof follows immediately from Theorem VII. 14 and from the definition (V.29) 
of the super Poisson bracket. □ 
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VIII. Positivity and other properties 

VIII. A. Theorem VII. 1 will be proven after two lemmas are established below. 



Definition VIII. 1. Let be the cone in B°°{T>) generated by functions of the form 
g = ff, withfeB^iV). 

Lemma VIII. 2. 

(i) Bj^ is a multiplicative cone, 
(a) expS-i- G 

(Hi) For g G -B+ nilpotent (i.e. g contains no term which involves only the even variables), 
(1 + g)^ G for every X > ni. 

Proof. Property (i) follows from the fact that 

ffgg = {-ly^f^^^^^fgfg = Mg. (VIII.l) 

For (ii) we see that for / G 

exp/ = J]^r, (VIII.2) 



n>0 



which is in B^ by (i). For (iii) we note that 

1=0 

Lemma VIII.3. For the matrix superdomains, 

N{Z,Z)^eB+, (VIIL4) 

for A > ni . 

Proof. Using the properties of the Berezinian we can rewrite 

N{z, z) = det{im - zz* - ee*). (Vin.5) 

If we let X={Im- zz*)-^^^, then 

N{Z, Z)^ = det X-^^ det{Im - X09*X)^. (VIII.6) 

The first factor on the right-hand side is clearly in Since S+ is a multiplicative cone, 
and because of item (iii) of Lemma VIII.2, we will be done if we can show that 

det(/^ - Xee*X) G 1 + 5+. (VIII. 7) 

35 



To prove (VIII. 7), we make use of the fact that for any square matrix A, 



(_-\ y 

det(/ -A) = l + J2 tr(A^y4). (VIII.8) 

n=l ^' 



Now, for an odd matrix rj, 

tr(A^r/r7*) = (-l)"(^+^)/2 tr [(aV)(A''^)] 
= (-l)"^r[(A"r/)*(A"r/)]. 

Applying this to (VIII. 7) we find 



(VIII.9) 



oo ^ 

det(/^ - Xed*X) = 1 + XI -f tr [(A"X^)*(A"X^)] . (VIII.IO) 



n—l 



Since tr^*^ is clearly in for any matrix of functions in B'^{T>), this completes the 
proof. □ 

Proof of Theorem VII. 1. From (V.12) it follows that g dZ > 0, for g e such that 
ga{z) is integrable when a = (1,1,...,!). Thus Lemma VIII. 2 (i) and Lemma VIII. 3 
establish that (■, ■)r is non-negative for r sufficiently large. 

It remains to show that the form is strictly positive. Suppose that there exists / e 
B^{V) such that 

/ f{Z)f{Z) dei{Im - zz* - 99*)^dZ = 0. (VIILll) 
If we change variables 9^9' — {Im — zz*)~^f'^9, then this becomes 

/ J{Z^f{Z')dei{Im-zz*f-'idet{Im-9'9'*fdZ'. (VIIL12) 

JT) 

We now perform the integral over z. Since the measure on z is strictly positive we see that 
the existence of an / satisfying (VIILll) is equivalent to the existence of G /\(C'"^) such 
that 

/ ^^(^) det(/,„ - ^^*)^d^ = 0. (Vin.l3) 

We can assume that g is a. homogeneous polynomial of degree fc, since homo- 
geneous polynomials of different degree will be orthogonal. Wc make the expansion 
fi'(^) — S|a|=A; '^a^'*' where the sum ranges over multi-indices of length k. If we let A 
be the matrix 

A^p = J W9'^det{Im - 99*)^d9, (VIII.14) 
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then (VIII. 13) is the statement that x*Ax = 0. Consider the leading order of the expansion 
of A in powers of A: 

Aai3 = je^e^e^^'^'^de + o{x^'i-^-^) 

J {mq - k)\ 

= A-^-'=[5«;3 + 0(l/A)]. 

We conclude that for A sufficiently large, A is strictly positive definite. Hence x*Ax — 
implies x = 0, i.e. (VIII. 13) implies g = 0. □ 

VIII.B. In this subsection we establish some facts concerning integration over purely odd 
matrices. These facts will be used to prove the remaining technical assumptions of Section 
VII in the next subsection. 



m 

denote the set of ordered subsets of {1, ... , m} of cardinality k. For a G and (3 e S\^, 



Lemma VIII. 4. Let rj represent an m x 1 column vector of odd variables and let 



I 



Va^--- Vak Vi3^--- Vi3i (1 - V*v)^dr] = ea/3pp;^^^-^^ , (VIII.16) 



where ea/3 = unless a is a permutation of (3 and in this case is given by the sign of the 
relative permutation. 

Proof. It is clear that (3 must be a permutation of a for the integral to be nonzero, since 
(1 — r]*r])^ contains only pairs of the form fjjijj. By permuting the set P into the set a and 
keeping track of the sign, we find 

J Vat--- Vak Vl3i--- Vpi (1 -V*v)^dr] = eaf3 J Vat ---VakVai - - - Vak - V* v)^dr]. (VIII.17) 
Now we can simply compute 



/ 



Vat--- Vak Vat--- Vak (1 " V*V)^dr] 

r(A + i) 



r(A -m + k + l)(m - k) 

r(A + i) ^ 



J J Vat ---Vak Vat--- Vak {v*vT~^dr] (VIII.18) 



r(A-m + fc + 1) 
Lemma VIII. 5. For m x q odd matrices 9, we have 



[detiim-een'de^ H + (vin.19) 
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which behaves as A"^^ for A — > oo. 

Proof. Decompose 9 into (^', p), where p is the last column of 9. We have 

Im - 99* = Im- 9'9'* - pp\ (VIII.20) 
We next define a; = (/^ - 9'9'*)-^l'^p, so that 

Im - 99* = {Im - 9'9'*){Im - COU*). (VIII.21) 

The change of variables from p to a; gives 

J det{Im - 99*)^d9 = J det{Im - 9'9'*)^-^d9' J det(/^ - ujuj*)^duj. (VIII.22) 

Applying this procedure recursively, and using the fact that 

det(/^ - uouo*) - (1 - u;*u;)-\ (VIIL23) 

we get 

f det{Im - 99*fd9 = JJ /"(I - u*oj)-^^-^^duj. (VIII.24) 

0<fe<m-l"^ 

The result then follows from Lemma VIII. 4 with a = /? = 0. □ 

Lemma VIIL6. Let a he an invertihle m x m ordinary matrix, and let rj represent an 
m X 1 column vector of odd variables. For a G S!^ and P G (the sets defined in Lemma 
VIIL4), we have the integral formula: 



I 



Va,--- VaM ■■■mi det(ao* - r]r]*)^dr] 

= nX-m + k + l) ^^^^""^ det,«(aa), 



where detjja is the determinant minor taken over the rows {3 and columns a. 
Proof. The fact that k must be equal to / is clear. Let rj — aw. Then 

det(aa* - r]r]*) = (1 - 00*00) det(aa*), (VIII.26) 

and the measure transforms to duj = det{aa*)dr]. Thus under the change of variables the 
left-hand side of (VIII. 25) becomes 

det(aa-)-' • • • (-)ft(l " -•-)^^. (VIII.27) 
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We now apply Lemma VIII.4 to perform the integration over uj. The result is 

r(A + i) 

The sum in (VIII. 28) can be rewritten as 



det(aa*)^ ^fp^—^^^TTT) ^ e^^'OaiMi • • • ««feMfca/3i..i • • • a/3fei.fc- (VIII.28) 



= X] XI ^(^)^aa(i)Mi • • -Oa^Cfej/ife^/SiMi • • • O/Sfci/fe (VIII.29) 

Ates^ (reSk 

= Yl ^(^)H*)/3ia<.(i) •••(oa*)/3fea,(fc), 

where Sk denotes the set of permutations of {1, . . . , fc} and e{a) is the sign of the per- 
mutation a. This final sum over a is precisely the definition of the determinant minor 
det/3a(aa*). □ 

VIII. C. We turn now to the proofs of Proposition VII. 3 and Lemma VII.ll. We can in 
fact replace Proposition VII. 3 by the following, stronger statement. 

Proposition VIII. 7. 

J N{Z, zy-Pd^'"' 9 = Crr'^'Aiz, zy-P° , (VIII.30) 

where A{z,z) :— det(/m — zz*) is the triple determinant of the underlying domain and 
where 

Cr= IT ^jr^°~,^? - (vni.3i) 



Proof. The function N{Z,Z) has the form 

N{Z, Z) = dei{Im - zz* - 69*) 

= dei{Im - zz*)dei{lm - {Im - zz*)-^99*). 

By changing variables 9^9' = {1^ — zz*)~^/'^9, we obtain 



(VIII.32) 



J N{Z, Zy-Pd9 = det{Im - ZZ*Y-P°+'^ j det{lm- {Im- ZZ*)-^99*Y ^d^mg^ 

= det(/^ - zz*y~''° J det{Im - 9'9'*y-Pd^'^W . 



(VIII.33) 
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The proof follows from Lemma VIII. 5. □ 



Proof of Lemma VII. 11. Wc need to compare \\(^\\ to ||6'y(/)||. To do this we start by 
integrating over all of the odd variables except for the j-th column. Denote the j-th 
column by ?7, so that 6ij = rji, and denote the remaining odd variables by 9'. Let A denote 
r — p. The integral over 9' is 

||(/>f = f ^<pdet{I - zz* -9'9'* -rjT]*)^ d9' dfjdz 

■''^ (VIII.34) 
= J J '^{z,r])det{I - zz* -r]r]*)^dr]dz, 

where 

^{z,ri):= j^^dei{l-{I-zz* -'qr]*)-^9'9'*)^d9'. (VIIL35) 

For ||^ij(/>|| we obtain (VIII.34) with \1/ replaced by '^fjirji. 

Let denote the set {a e : ai < . . . < a}~}. We can decompose the function ^ 
uniquely into 

m 

*(^,^) = J] J] (VIII.36) 
By Lemma VIII. 6 the norm of 4> is given by 

^-E rQ^^^tl^n E / *M^(^)det^.(/-^^*)det(/-^z*)^-Mz, 

(VIII.37) 



fc=o ^ ' ij.,ves>^^ 

and the norm of ||6'ij^|| is 



^ r(A + i) 



J] / ^'^^(^)det^+{i},^+{i}(/-2^*)det(/-22*)^-^d2, 



X 

where ^ + {^} denotes the sequence with « inserted in the appropriate location. 

For the rest of the proof we will consider a fixed value of k and work pointwise in z. 
Note that the difference between the multiplier outside the integral in (VIII.37) and that 
of (VIII.38) is (A - m + /c + 1)-^ Because the factor det(/^ - ZZ*)^ of the measure is m 

it follows that the function ^'(2, 77) is also in Thus ^ must have the form 

* = 5] X^MX, (^,77), ( VIII.39) 
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where Xj e A (C"*) 

can be written 

Xj {z, ^) = E XjA^)^^^^ ■■■V.,- (VIII.40) 

Let C"* be given the inner product {u, v) = u*{Im — zz*)v. The natural extension of 
an inner product to an exterior algebra is simply the determinant minor, i.e. 

{Vf^i ■■■Vt^k^Vf^i---Vt^k) = detp,.(/^ -zz*). (VIII.41) 
This means that we can write the integrand of (VIII. 37) as 

det(/^ - zz*)^-^ Yl ll^illM(c-)' (VIII.42) 
i 

and the integrand of (VIII. 38) as 

det(/^ - zz*)^-^ WViXjWlk+^cmy (VIII.43) 

3 

The problem then reduces to computing the norm of the operator Ui : /\'^{C^) — > 
yyfc+i^jj-,^^ which maps X i— > rjiX. Let uj = ar] where aa* = {Im — zz*). Then the 
a;'s generate an orthonormal basis for /\(C"^). The Hilbert-Schmidt norm of ai is easily- 
computed: 

II ||2 II ||2 

f^^s!^ (VIII.44) 

1 {Im zz )jj 



< 



m — 1 
k 



Since this estimate is independent of z, we can use it inside the integral in (VIII. 38). We 
conclude that the k-th summand of (VIII. 38) can be bounded by 

~ ^ (VIII.45) 



k JX — m + k+1 
times the k-th summand of (VIII. 37). □. 
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IX. Proof of deformation estimates 

IX. A. In this section wc prove Theorem VII. 13 and Theorem VII. 14 for a generic Cartan 
superdomain of type I-III. 

Proof of Theorem VII. 13. From Lemma VII. 10 and Lemma VII. 11 we have 

||T.(/)||<||/oo||oo + 0(r-i/2), (IX.l) 

as r — > oo, i.e. hmsupj._,oQ ||T^(/)|| < ||/oo||oo- We will show below that 

ll/oolloo < ||T,(/)||+o(l), (IX.2) 

as r — > oo, i.e. liminf^^oo ||2^r(/)|| ^ 1 1 /oo I loo cind the claim will follow. 
To prove (IX.2), we set Z = [z, 0) and write 



f{Z) = fooiz) 

= (00, Trif O 7,)0o) + [fooiz) - fMW))df,r{W)}, 



(IX.3) 



where 0o = 1 is the vacuum element. Using (VII. 29), we rewrite the above equation as 

fooiz) = (0o,C/(7z)-'T,(/)t/(7z)0o) 

+ {fooiz) - Jjooiw')d^lriW)] 



+ 



/ [fil,iW))-fooiw')]dfiriW), 
J-D 



where iw'^rj') := 7z(VF). The first term in (IX. 4) can be bounded by ||Tr(/)||, as Ui'jz) is 
unitary. Using Proposition VII. 3, we can apply the proof of Theorem 2.1 in [6] to show that 
the second term is o(l) uniformly in 2;, as r ^ 00. For the third term, we use Proposition 
VII. 12 to bound 

/ [filziW))-fooiw')]dl,riW) <C Yl ^"^'"' + '^'^/'ll(/°7.)a/3||oo, (IX.5) 



a,/3, \a\ = \fi\^0 



and the claim follows. □ 
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IX. B. In this subsection, we give two lemmas which will be needed for the proof of Theorem 
VII. 14. For the following lemma and its proof we extend the norm || ■ ||o to supermatrices 
by taking the supremum of the norms of the elements of the matrix. We denote by 7^^^^ (W) 
the k-th complex derivative of ^{W). 



Lemma IX. 1. For each k, there exist constants s,s' > such that 



(IX.6) 



(IX.7) 



where A{z, z) denotes the triple determinant of the underlying Cartan domain. 

Proof. For type I superdomains, the first complex derivative ^z'iW) was computed in the 
proof of Proposition VI. 2 to be 

r^^'{W) = \{WB* + A*Y ® {CW + D) 

where A,B,C,D are the matrix blocks of 7^. For types II and III the computation 
is essentially the same, although the tensor product will be replaced by some partially 
symmetrized or antisymmetrized tensor product. This will not affect the bounds, so we 
proceed to analyze (IX.7). 

For the following discussion, we abuse notation slightly by letting ||A||o, for a super- 
matrix A, denote the supremum of the || ■ ||o of all the entries. Each further derivative of 
(IX.7) will involve an extra factor of [ZB* + A*)~^ or (CZ + D)~^, times entries of B* 
and C, respectively. For types II and III there will be extra factors of two, but this will 
not make a difference. By a conservative estimate we have 



< K 



\mo\\c\\o 



k-1 



(IX.8) 



[\\{WB* + A*)-^\\o\\iCW + D)-^ Wo 

where K is some constant. 

For the matrices B and C we have, by virtue of the conditions (IV. 25) the bounds 
||-S||o ^ ll^llo and ||C||o < ||-D||o- Now, for all domains, A and D satisfy the relations 
(VI.40), which implies ||A||o < \\{Im - ZZ*)-^\\o and \\D\\o < ||(4|, - Z*Z)-^\\o. Fur- 
thermore, up to a constant matrix, CW + D = D~^{In\q + Z*W) and WB* + A* = 
{Im + WZ*)A*. Thus the proof will be finished if we can establish a bound 

\\{Ir,\, + Z*W)-%<KA{w,w)-'A{z,z)-'' (IX.9) 

(the case of (/^ + WZ*)~^ is similar enough that it need not be dealt with separately). 
To make this bound, we observe that 

In -{In + z*wy 

-ii, + rje*)-'e*rj Im 



{ir,\, + z*wy 



~^z*r] 



X 



4 + ^*(/^ + r7r)- 



w 







(IX.IO) 



Iq + e*{Ira + WZ*)-^r) 

It is clear that the only divergent matrix elements in this expression come from the matrix 
elements of {In + z*w)~^. This is precisely the divergent factor in the case of ordinary 
domains, and so the result follows from the proof of [6], Lemma 3.2 (ii). □ 
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Lemma IX. 2. Foru,v e B°°{'D), and e TCri'D), we have 



u{W)v{W)4){W)diiriW) 



V 



< C\m \\v\\o J2 r-(l«l+l^l)/^ I / Kf,{w)\^df,r{W) 

a,f3 ^-^-^ 



1/2 



(IX.ll) 



Proof. We write 



u{W)v{W)4>{W)dnr{W) 



■D 



Ua0{w)r]''r]^'vps{w)rv'(l>{W)diir{W) 



= J2 \{^a)3{w)v"v'',Vps{w)r]^r]^(P{W)) . 

(IX.12) 

By virtue of Theorem VII. 1 we can apply the Schwarz inequahty to this expression to 
obtain 



u{W)v{W)(f){W)diir{W) 



< II^P-^lloo ll^a/jHr/VII ||r/V0WII- (IX.13) 



By Lemma VII. 11 we then have 



u{W)v{W)(i){W)dnr{W) 



a,l3,p,5 



(IX.14) 



IX. C. Proof of Theorem VII. 14- Our procedure will be to expand 



,Tr{f)Tr{g)tl^) ^ / (t>{Z)f{Z)K-{Z,X)g{X)tl;{X)d^r{Z)d^r{X), (IX.15) 



where E Hr{T>), f,g& B°°{V), in a power series in r [12]. We make the substitution 
X = 7z(VF), and use the transformation properties of the Bergman kernel to rewrite 
(IX.15) as 

{c|>,Trif)Trig)^|;) 

KUZ,Z) (IX. 16) 

HZ)f{Z) \ ' V. ff(7.(^))V^(7.(^))c^/^r(^)c^/x.(^). 
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The next step will be to expand gi'jziW)) in a Taylor series. We will need to expand 
out to order m, where m is an integer such that m > no + 4. The Taylor expansion for 
superfunctions is: 

gilziW)) = g{Z) + {W.WiO)^^ d^g{Z) + W«V(OW d^g{Z)) 
+ \ Yl W^WpVp^^{Z)d^g{Z) 

IJ,,K,p 

+ Yl W^k7z'(0)k^ Wp^,'{0)p,d,d^g{Z) (IX.17) 

H,l',K,p 

+ 1 Yl ^k7z'(0)k^ Wp7,'(0)p, d,d^g{Z) 
+ IY W,WpTp,^{Z)d^g{Z) 



H,K,p 



+ terms of order 3 through m — 1 
+ G{Z,W), 



where 5^ := d/dZ^ and 

d d 



and the m-th order remainder term is given by 

G{Z,W) ■■= (^^^ I ds{l-s)^-'^^g{^.{sW)). (IX.19) 

Denote by Ia,b the contribution to the integral from the term in the expansion of g with 
a powers of W and b powers of W, and let R denote the contribution of the remainder term. 
In evaluating these terms we will make use of the following facts. Given a holomorphic 
function x on P, we have remarked before that 

/ x{W)dfXr{W) = x{0). (IX.20) 
Jv 

Furthermore, using the circular symmetry and Proposition VII. 8 we obtain 

( W^X{W)df,r{W) = ^{0) [ W^W^dfXriW). 
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for any /i. 

For the fowest order term in the expansion, we have 
The integrand is hofomorphic in W, so we apply (IX.20) to get 



(IX.22) 



/o,o = / <P{Z)f(Z)g(Z)iPiZ)dfiriZ) 
Jv 

= {<P,Tr{fg)^). 

The same fact (IX.20) also clearly implies that Ia,b = for a > 6. 

The next nonzero term in the expansion is thus Iq i, which is given by 



(IX.23) 



Io,i = J2 f 0(^)/(^)W^k7z'(O).^ d^g{Z) 



Kr{^,{W),Z) 

K''{Z, Z)d^r{Z)diir{W). 



(IX.24) 



We now apply (IX. 21), to obtain 



X 



(IX.25) 



K'^iZ, Z)diir{Z), 



where the sign arises from the permutation of elements of the integrand (keeping in mind 
the fact that WT = F W). Applying the chain rule gives 



X / </.(z)/(z)7z'(o)«^ a^^(z) 7z'(o)k. a. 



K^{Z, Z) 



K''{Z, Z)diir{Z) 



1 "^(^_X){^^^+^^)p{f)+^Ap{9)+^p:) 

f W) P^AZ)m d^g{Z) ^ ^^^^ 



X 



K^{Z, Z) 



K'^{Z,Z)diXr{Z). 



Noting that 



K^z, z)d^ir{z) = N{z, zypdz, 
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(IX.26) 
(IX. 27) 



we integrate by parts as follows: 



Io,i = -- / 0(Z) 



N{Z, Z)P 



X '^{z)N{z, zyd^riz) 



(IX.28) 



X '^{z)N{z, zydiiriz) 

-- / P^.{Z)f{Z)dJd^g{Z)^{Z)diJir{Z) . 

Observe that, as a consequence of the assumption that r is sufficiently large, no boundary 
terms are present. As a consequence of Theorem V.7, 



N{Z, Z)P 



= 0. (IX.29) 



This leaves two terms in (IX.28). 

Now consider the term /i i, which is given by 



(IX.30) 

X ^{-i^{W))dHr{Z)d^lr{W). 



Using (IX. 20) and (IX. 21), we can perform the W integration to get 
h,i = -y2 f J{Z)f{Z)P^,{Z)d,d^g{Z)i;{Z)dfir{Z) 



1 . _ (IX.31) 

= / c|>{Z)P^,{Z)f{Z)^,^^g{Z)i;{Z)d^ir{Z). 
^ .. .. Jt) 



This exactly cancels the third term in (IX.28), so that we finally obtain 

/o,i + h,i (-1)'"^^"^^+' (</>, Tr{P^, dj d^g)i;) . (IX.32) 



r 



47 



All that remains to complete the proof is to bound the other terms as r — > oo. Of the 
remaining second order terms, /2,o = 0, and /o,2 is given by 



JvxT> 

W^k7z'(0)k^ Wp^,'{0)p, dJd^g{Z) 
+ Yl W^WpTp^^iZ) d^g{Z) 



(IX.33) 



IJ,,K,p 



lP{^^{W))dfXr{Z)dfir{W). 



We want to bound this term for large r. To do this, we first evaluate the integration over 
W using the principles of (IX. 20) and (IX. 21). For this integral we obtain 



/ K'-{^,{W),Z)-^W^Wpi;i^,iW))df,riW) 



E 



2^ dW,dW^Kr{j,{W),Z) 



(IX.34) 



w^WpWfMud^lr{w). 



The convergence factor comes from the integral on the right-hand side of (IX.34). We 
can apply the positivity property of the measure and the Schwarz inequality to give 

j^WWpW^,Wudy.r{W)\ < jj^W^W^^^dy.r{W). (IX.35) 



Because of Proposition VII. 3, we can apply the fact ([6], Lemma 3.1 (ii)) that 



jnij:,\^,?tH^,zY~^^dz 

J^A{z,zy-Podz 
together with Proposition VII. 12, to see that 



(IX.36) 



J^(j2w^W^ydfir{W) < Cr-K 



(IX.37) 



Substituting (IX.34) into (IX.33), we convert the derivatives with respect to W at 
zero into derivatives with respect to Z using the chain rule. We then integrate by parts to 
move these derivatives off of the ip{Z), as in the analysis of /o,i- These derivatives then 
act on the expression 



f{Z)N{Z, Z)-P 7z'(0)«^ 7z'(0)p. d,d^g{z) + V p,^{Z) d^g{Z) 



(IX.38) 
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The derivatives of N,^/, and F have potential singularities. In view of Lemma IX. 1 we 
can bound the absolute values of the components of these terms by A{z,z)~^ for some 
integer s. Then, since the supports of the components of the function / are restricted to 
some compact set Sf, we can bound the || • ||o norm of the derivatives of (IX. 38) by 

\\g\\t supA(^,^)-^ (IX.39) 

Sf 

for some t. Using this bound in conjunction with Proposition VII. 12, we thus have 

|/o,2| <C5,r-2||/|H|^|H|V|| II0II, (IX.40) 

where the comes from the convergence factor (IX. 37) and the constant Csf depends 
on Sf. 

The same reasoning applies to the cases Ia,b where S < a + b < m. The convergence 
factor comes from (IX. 37). The result is that 

\Ia,b\<Cr-^\\f\\t\\9\\t\m m, (IX.41) 

for some t and for 3 < a + 6 < m. 

Finally, we turn to the remainder term, which is 

R = j^^^ W)f{Z)G{Z, W) J^^^^^^^z) Z)d^^r{Z)d^^r{W). (IX.42) 

Note that 



Ber 7^ {WyBev 7^ (0)^^(7^ (W) ) 



= K^(Z,Z)-V2 t/(7-i)^(W^), 

where IJ is the projective unitary representation of Aut(I^) on T-lr{T>), and where we have 
used the fact that 7^(0) is real. Denote U{'y~^)ip{W) by ipziW), noting that \\ipz\\ = HV'II- 
The remainder term can thus be written 

R= [ J(Z)K''{Z,zy/^f{Z)G{Z,W)i{;z{W)di^r{Z)di^r{W). (IX.44) 

J-DxV 

We can write the components of the function G{Z, W) as 

G{Z,W):= J2 Ga/3js{z,w)e''e^f]^7]^, (IX.45) 

where the sum is over multi-indices. For some positive integers s, s', we claim that we have 
the bound 

sup\Ga^^s{z,w)\<C\\g\\t \wr-\^\-\'^A{w,w)-^A{z,z)-'', (IX.46) 

z 
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where jtup := This may be estabhshed as follows. Consider the definition of 

G{Z,W), equation (IX. 19), which involves taking m derivatives. Each derivative with 
respect to s in (IX. 19) brings out a factor of since only the combination sW appears 
in the definition. This accounts for the liup^lTl"!^! appearing in (IX.46). The statement 
then follows from Lemma IX. 1. 

Applying Lemma IX. 2 to the Z integrations in (IX. 44), we obtain 



where u{Z) is the function 



u{Z)^K'^{Z,zy/^ [ G{Z,W)iP^{W)diJriW), 
Jt> 



(IX.48) 



and Xsf is the characteristic function of the compact set Sf in which the components of 
/ are supported. Now, to bound the components of m, we apply Lemma IX.2 to the W 
integration using the bound (IX.46). In this way we find 



Mz)\<CU\\ \\g\\tA{z,zy'\\K'{Z,Zf'^\\Q 



7(5 



(l7l + l'5|)/2 



■D 



1/2 



(IX.49) 



For the remaining integral over W , we have 

|i(;p('"-lTl-l'5|)A(«;,w)-2^d//^(W^) = / |t(;|2("^-lTl-l-5|)ci^^,(W^), (IX.50) 

Jt> 



L 



where r' and r differ by a constant. We can apply ([6], Lemma 3.1 (ii)) to bound 
this expression by a constant times r"'""'"''''!"'"''^!. Returning to (IX.49), since N{Z,Z) = 
^{z^ z)+nilpotent^ the components of K"^ [Z^ Z)^/'^ can be bounded by ^{z, z)~'^/'^~'^ for 
some s" (the s" occurs when we Taylor expand (A+m/po^ent)~^). We thus have 



.p{z)\<CT-^'^\\n ii^iit A(^,^)- 



■r/2-s'-s' 



(IX.51) 



Applying these results to (IX. 47), we find that 



\R\<CT-^'^\\g\\t\\fh 



L 



XsAz)l^{z,z) 



-r-2{s'+s") 



djjir^Z) 



1/2 



(IX.52) 
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The 9 integration in the remaining integral can be estimated using Proposition VII. 3: 



1 Xs,{z)^{z,z)-'-''^''+'"M^ir{z) 

^ ^ (IX.53) 

= Cr"iA^ / A(2,2)-^'°-2(*'+*")d^[l + 0(r-^)]. 

JSf 

The integral over 5"/ is finite and independent of r, so we can absorb it into the con- 
stant. According to Proposition VII. 4, the normalization constant can be bounded by 
a constant times r'^o-ni j. _^ Applying all of this to (IX. 52), we have 

\R\ < Cs,r-^^-^°^/'\\g\\t ll/llt m m. (IX.54) 
With the fact that m — no > 4, this completes the proof. □ 
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